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Abstract. The problem of classification of infinite subalgebras of Cendjy and of 
gc]\r that acts irreducibly on C[<9] w is discussed in this paper. 

m ■ 

0. Introduction 

> ; 

Since the pioneering papers [BPZ] and [Bo], there has been a great deal of work 
towards understanding of the algebraic structure underlying the notion of the op- 
erator product expansion (OPE) of chiral fields of a conformal field theory. The 
singular part of the OPE encodes the commutation relations of fields, which leads 
to the notion of a Lie conformal algebra [Kl-2]. 

In the past few years a structure theory [DK] , representation theory [CK, CKW] 
and cohomology theory [BKV] of finite Lie conformal algebras has been developed. 

The associative conformal algebra CendAr and the corresponding general Lie con- 
formal algebra gc^ are the most important examples of simple conformal algebras 
which are not finite (see Sect. 2.10 in [Kl]). One of the most urgent open problems 
of the theory of conformal algebras is the classification of infinite subalgebras of 
CendAr and of gcN which act irreducibly on C[d] . (For a classification of such 
finite algebras, in the associative case see Theorem 5.2 of the present paper, and in 
the (more difficult) Lie case see [CK] and [DK].) 

The classical Burnside theorem states that any subalgebra of the matrix alge- 
bra MatArC that acts irreducibly on is the whole algebra MatArC. This is 
certainly not true for subalgebras of CendAr (which is the "conformal" analogue 
of MatArC). There is a family of infinite subalgebras Cend^p of CendAr, where 
P(x) e MatjvC[x], det P(x) ^ 0, that still act irreducibly on C[d] N . One of the 
conjectures of [K2] states that there are no other infinite irreducible subalgebras of 
CendAr. 

One of the results of the present paper is the classification of all subalgebras of 
Cendi and determination of the ones that act irreducibly on C[d] (Theorem 2.2). 
This result proves the above-mentioned conjecture in the case N = 1. For general 
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N we can prove this conjecture only under the assumption that the subalgebra in 
question is unital (see Theorem 5.3). This result is closely related to a difficult 
theorem of A. Retakh [R] (but we avoid using it). 

Next, we describe all finite irreducible modules over CendAr,p (see Corollary 3.7). 
This is done by using the description of left ideals of the algebras Cend^p (see 
Proposition 1.6a). Further, we describe all extensions between non-trivial finite 
irreducible CendA^p-modules and between non-trivial finite irreducible and trivial 
finite dimensional modules (Theorem 3.10). This leads us to a complete description 
of finite CendAT-modules (Theorem 3.28). 

Next we describe all automorphisms of Cendjv,p (Theorems 4.2 and 4.3). We also 
classify all homomorphisms and anti-homomorphisms of Cendjv,p to CendA? (The- 
orem 4.6). This gives, in particular, a classification of anti-involutions of Cend^p. 
One case of such an anti-involution (N = 1, P = x) was studied by S. Bloch 
[B] on the level of the Lie algebra of differential operators on the circle to link 
representations of the corresponding subalgebra to the values of ^-function. Rep- 
resentation theory of the subalgebra corresponding to the anti-involution of Cendi 
was developed in [KWY]. 

The subspace of anti- fixed points of an anti-involution of Cend^p is a Lie con- 
formal subalgebra that still acts irreducibly on C[9]^. This leads us to Conjecture 
6.20 on classification of infinite Lie conformal subalgebras of gc^v acting irreducibly 
on C[d] N . This conjecture agrees with the results of the papers [Z] and [DeK]. 

We thank B. Bakalov for providing his results on the subject of the paper, and 
we also thank D. Djokovic for Theorem 4.25 and very useful correspondance. 

1. Left and right ideals of Cend^p 

First we introduce the basic definitions and notations, see [Kl]. An associative 
conformal algebra R is defined as a C[<9]-module endowed with a C-linear map, 

R®R — ► C[A]®.R, a®b^a x b 

called the A-product, and satisfying the following axioms (a, 6, c e R), 

(Al) x (da) x b = -X(a x b), a x (db) = (A + d)(a x b) 

(A2)\ a x (b^c) = (a x b) x+fl c 

An associative conformal algebra is called finite if it has finite rank as C[<9] 
-module. The notions of homomorphism, ideal and subalgebras of an associative 
conformal algebra are defined in the usual way. 

A module over an associative conformal algebra R is a C [d] -module M endowed 
with a C-linear map R®M — > C[A] ® M, denoted bya®«(-* a^v, satisfying the 
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properties: 

{da)fv = [8 M , af]v = -A(af v), a G R, v G M, 
<Kv) = (a x b)r + ^v, a,beR. 

An i?-module M is called trivial if a\v = for all a G -R, v G M (but it may be 
non-trivial as a C [9] -module). 

Given two C[<9]-modules U and V, a conformal linear map from {7 to V is a C- 
linear map a : U — > C[A] ®c V", denoted by a a : ?7 — > V, such that [9, a a] = — \a\, 
that is d v a\ — a\d u = —\a\. The vector space of all such maps, denoted by 
Chom({7, V), is a C [d] -module with 

(da) x := -Aa A . 

Now, we define Cendy := Chom(y, V) and, provided that V is a finite C[<9]- 
module, CendV has a canonical structure of an associative conformal algebra de- 
fined by 

(a x b)^v = axib^-xv), a, b G Cend V", u G V. 

Remark 1.1. Observe that, by definition, a structure of a conformal module over 
an associative conformal algebra J? in a finite C[<9]-module V is the same as a 
homomorphism of R to the associative conformal algebra Cendy. 

For a positive integer N, let Cend at =CendC[9] Ar . It can also be viewed as the 
associative conformal algebra associated to the associative algebra Diff N C x of all 
N x N matrix valued regular differential operators on C x , that is (see Sect. 2.10 
in [Kl] for more details) 

Conf(Diff 7V C x ) = ® ne z + C[d] J n <g> Mat N C 
with A-product given by ( j\ = J k <S> A) 

3=0 V,7/ 

Given a G C, the natural representation of Diff Ar C x on e~ at C N [t, gives rise 
a conformal module structure on €[9]^ over Conf(Diff Ar C x ), with A-action 

J™ A v = (A + 8 + a) m Av, meZ+,v eC N . 

Now, using Remark 1.1, we obtain a natural homomorphism of conformal associa- 
tive algebras from Conf(Diff Ar C x ) to Cendjv, which turns out to be an isomorphism 
(see [DK] and Proposition 2.10 in [Kl]). 
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In order to simplify the notation, we will introduce the following bijective map, 
called the symbol, 

Symb : Cendjv — ► MatArC[<9, x] 

j2A k (d)j k ^j2 Ak ^ xk 

k k 

where Ak(d) G Matjv(C[9]). The transfered A-product is 

A(d, x) x B(d, x) = A(-X, x + X + d)B(X + d,x). (1.1) 

The above A-action of Cend at on C[d] N is given by the following formula: 

A(d,x) x v(d) = A(-X,X + d + a)v(X + d), v(d) G C[d] N . (1.2) 

Note also that under the change of basis of Cfd]^ by the invertible matrix C{d), 
the symbol A(d, x) changes by the formula: 

A(d,x)\ — >C(d + x)A(d,x)C(x)- 1 . (1.3) 

Observe that for any C(x) eMatjv(C[a;]), with non-zero constant determinant, 
the map (1.3) gives us an automorphism of Cendjv. 

It follows immediately from the formula for A-product that 

Cend p, at := P(x + <9) (Cend at) and Cendjv,p := (Cend n)P(x), 

with P(x) G Matjv(C[x]), are right and left ideals, respectively, of Cend at. Another 
important subalgebra is 

Cur N := Cur (Matjv) = C[d] (MatjvC). (1.4) 

Remark 1.5. If P(x) is nondegenerate, i.e., detP(x) 7^ 0, then by elementary 
transformations over the rows (left multiplications) we can make P(x) upper tri- 
angular without changing Cendjv^p. After that, applying to CendAr,p an auto- 
morphism of Cend 7v of the form (1.3), with det C(x) = 1 (in order to multiply 
P on the right, which are elementary transformations over the columns), we get 
Cendjv,p — CendAr ; £), with D = diag(pi(x), ■ ■ ■ ,pn(x)), where Pi(x) are monic 
polynomials such that Pi(x) divides pi + i(x). The Pi(x) are called the elementary 
divisors of P. So, up to conjugation, all Cend^p are parameterized by the sequence 
of elementary divisors of P. 

All left and right ideals of Cend at were obtained by B. Bakalov. Now, we extend 
the classification to CendA^p. 
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Proposition 1.6. a) All left ideals in Cend^^p, with det P(x) ^ 0, are of the form 
CendN,Qp, where Q(x) G Matjv(C[x]). 

b) All right ideals in CendN,p, with det P(x) ^ 0, are of the form 
Q(d + x)CendN,p, where Q(x) GMa£/v(C[a;]). 

Proof, (a) By Remark 1.5, we may suppose that P is diagonal with det P(x) ^ 0. 
Denote by pi(x), . . . ,Pn(%) the diagonal coefficients. 

Let J CCendAr be a left ideal. First, let us see that J is generated over C[<9] by 
I := JnMatAr(C[a:]). If a(d, x) = £™ G J, then 

E kjk P(x)\a(d, x) = p k (X + d + x)E k , k a(\ + d, x) 

= p k (\ + d + x)E kyk (J2(X + d) l ai {x)) G C[A] ® J, ( L7 ) 

i 

using that det P(x) ^ and considering the maximal coefficient in A of (1.7), we 
get E k}k a rn (x) G J for all k. Hence a m (x) G J. Applying the same argument to 
a(d,x) — d m a m (x) G J, and so on, we get a,i(x) G J for all i. Therefore, J is 
generated over C[d] by I := JflMatjv(C[a;]). 
If a(x) G I, then 

Ei jP(x) x a(x) = pj (A + d + x)E t ja(x) = \ max E t ja(x) + lower terms G C[A] ® J. 

(1.8) 

Therefore, MatTv(C) - I CI. 

Now, considering the next coefficient in A in (1.8) if pj is non-constant, or the 
constant term in A of xEijP(x)\a(x) if pj is constant, we get that xa(x) G /. It 
follows that / is a left ideal of Matjv(C[cc]). But all left ideals of Matjv(C[x]) are 
principal, i.e. of the form Matjv(C[x])i2(x), since Matjv(C[x]) and C[x] are Morita 
equivalent. This completes the proof of (a). 

In a similar way, but using the expression a(d,x) = ^2 i d t a i (d + x), we get 
(b). □ 

Proposition 1.9. Cend^^p ~ B(d + x)(CendN)A(x) if P(x) = A{x)B{x). In 
particular, CendN,p — Cendp^ . 

Proof. It is easy to see that the map a(d, x)P(x) — > B(d + x)a(d,x)A(x) is an 
isomorphism provided that P(x) = A(x)B(x). □ 

2. Classification of subalgebras of Cendi 

We can identify Cendi with C[d, x], then the A— product is 

r(<9, x) \ s(d, x) = r(— A, A + d + x) s(A + d, x), (2.1) 
where r(d,x), s(d, x) G C[d, x]. 

The main result of this section is 
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Theorem 2.2. a) Any subalgebra of Cendi is one of the following: 

(1) C[d]; 

(2) C[d,x] p(x), withp(x) G C[x]; 

(3) C[d,x] q(d + x), withq(x) G C[x]; 

(4) C[<9, x] p(x) q(d + x) = C[d,x] p(x)nC[d,x] q(d + x), with p(x) , q(x) G C[x]. 

b) The subalgebras C[d, x] p(x) with p(x) ^ 0, and C[d] are all the subalgebras of 
Cendi that act irreducibly on C[d}. 

In order to prove Theorem 2.2, we first need some lemmas and the following 
important notation. Given r(d, x) G C[<9, x], we denote by and fj the coefficients 
uniquely determined by 

n m 

r(d, x) = J2 n(x)d i = rj{d + x)d J (2.3) 

i=0 7=0 

with r n (x) 7^ and f m (d + x) ^ 0. 

Lemma 2.4. Let S be a subalgebra of Cendi, letp(x) and q(x) be two non-constant 
polynomials, and let t(d) G C[d] be a non-zero polynomial. 

(a) Ift(d) G S, then C[d] C S. 

(b) If t(d),r(d,x) G S and r(d,x) depends non-trivially on x, then S =Cend\. 
In particular, if 1 G S, then either S = C[d] or S = Cendi. 

(c) If p(x) G S, then C[d,x] p(x) C S. 

(d) If q(d + x) G S, then C[d, x] q(d + x)CS. 

(e) If p(x)q(d + x) G S, then C[d, x] p(x) q(d + x) C S. 

Proof, (a) If t(d) G S, we deduce from the maximal coefficient in A of t(d) \ t(d) = 
t(-X) t(X + d) that 1 £ S, proving (a). 

(b) From (a), we have that 1 G S. Then the coefficients of A in r(d,x) \ 1 = 
r(— A, X + d + x) are in S. Therefore, using notation (2.3), we obtain that fj(d-\-x) G 
S for all j. Since r(d,x) depends non-trivially on x, there exist jo such that f j0 is 

non-constant, that is fj ( z ) = Yl\=o a * z * wl ^h ai ^ and / > 0. Now, using that 
CO] C S and 

I x fj (d + x) = fj (X + d + x) = X 1 + (I ai(d + x) + ai-i) A z_1 + lower powers in A 

we obtain that x G S. Then by induction and taking A-products of type x\x k we 
see that x k+1 G S for all k > 1, proving (b). 

(c) Let p(x) = Xir=o a * ;ri ' w ^ tn a " 7^ and n > 0. Then, considering the coeffi- 
cient of A n_1 in p(x) \ p(x) = p(X + d + x)p(x), we get that 
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(na n (d + x) + a n -i)p(x) G S. Since 5" is a C[<9]-module, we have dp(x) G S, ob- 
taining that xp(x) G S. Applying this argument to xp(x), we get that x 2 p(x) G S, 
etc, and x k p(x) G S for all k > 0, proving (c). 

(d) The proof is identical to that of (c). 

(e) Assume that q(x+d)p(x) G S. Then, we compute q(x+d)p(x)\q(x+d)p(x) = 
q(x + d)p(X + d + x)q(X + x + d)p(x), and looking at the monomial of highest degree 
minus one, we get that (x + d)q(x + d)p(x) G S, and since by definition S is a 
C[<9]-module, we deduce that q(x + d)p(x) := xq(x + d)p(x) G S. Applying this 
argument to q(x + d)p(x) we deduce that x h q(x + d)p(x) G S for any k G Z + , and 
therefore q(x + d)p(x)C[d, x] C S. □ 

Lemma 2.5. Let S be a subalgebra of Cendiwhich does not contain 1. 

(a) Let p(x) be of minimal degree such that p(x) G Then C[d,x]p(x) = S. 

(b) Let q(d + x) be of minimal degree such that q(d + x) G S . Then S = 
C[d,x]q(d + x). 

(c) Let q(d + x)p(x) be of minimal degree (in x) such that q(d + x)p(x) G 5". 
Then S = p{x)q{d + x)C[d, x] . 

Proof, (a) From Lemma 2.4.(c), we have that p(x)C[d,x] C S (by our assumption, 
p(x) is non-constant). Now, suppose that there exist q(d,x) G 5" with q(d,x) 
p(x)C[d,x] and p as above. Then, by applying the division algorithm to each 
coefficient of q(d,x) = Y^k=o Qk(x)d k , we may write q(d 7 x) = t(d,x)p(x) + r(d,x) 
with r(<9, x) = Yl^k=o r k(x)d k = YlY=o ^ji® + x )d k an d degrfc < degp (cf. notation 
(2.3)). Using that p(x)C[d, x] C 5", we obtain that r(d,x) G 5". Now, since 

r(<9, x) x r(d, x) = r(— A, A + d + x)r(X + d,x), (2.6) 

looking at the coefficient of maximum degree in A in (2.6), we get: r n (x)r m (x + d) G 
S. By our assumption, one of the polynomials in this product is non-constant. If 
fm{x + d) is constant, then r n (x) G S, but degr n < degp which is a contradiction. 
If r n (x) is constant, then r m (x + d) G S. Then, looking at the leading coefficient 
of the following polynomial in A: p(x)\ r m (x + d) = p(X + d + x)f m (x + A + d) we 
have that 1 G S, which contradicts our assumption. 

If neither r m (x + d) nor r n (x) are constants, we look at p{x)\ r m (x + d)r n (x) = 
p(X + d + x)r m (X + x + d)r n (x) G S and looking at the coefficient of maximum 
degree in A we get that r n (x) G S, which contradicts the minimality of p(x). 



(b) The proof is the same as that of (a). 
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(c) We may assume that p and q are non-constant polynomials, otherwise we are 
in the cases (a) or (b). By Lemma 2.4(e), we have p(x)q(x + d)C[d,x] C S. Let 
£(<9, x) G S, but £(<9, x) C[d, x]p(x)q(x + d). Then we may have three cases: 

(1) t(d,x) Ep(x)C[d, x] or 

(2) t{d, x) G q(d + x)C[d, x] or 

(3) t(d, x) p(x)C[d, x] nor t(d, x) £ q(d + x)C[d, x] . 

Note that these cases are mutually exclusive. Suppose we are in Case (1), so 
that t(d, x) = p(x)r(d, x) with r(d,x) q(d + x)C[d, x]. Then we get r(d,x) = 
q(d + x)f(d, x) + s(d,x), with s(d, x) ^ 0, and (using notation (2.3)) deg §k < 
degq for all k = 0, ...,m. Therefore, we have that t(d,x) = p(x)r(d,x) = 
p(x)q(d + x)r(d, x) + p(x)s(d, x) and then p(x)s(d, x) G S. Now, we can compute: 

p{x)s(d, x)\ p(x)q{d + x) = p(X + d + x)s(-\, X + d + x)p(x)q(X + d + x) 

and looking at the coefficient of maximum degree in A, we have (using notation 
(2.3)) that p(x)s m (d + x) G S which is a contradiction. 

Similarly, Case (2) also leads to a contradiction. 

In the remaining Case (3) we may assume that degp < deg q since the case of the 
opposite inequality is completely analogous. We have t(d, x) G S, but ^ C[<9, x]p(x). 
Then 

t(d,x) =p(x)h(d,x) + r(d,x) (2.7) 

with 7^ r(d,x) = YJk=Q r k{x)d k = YJj=ofj{d + x)d k where degr fc < degp and 
deg fj < degp. 

If h(d, x) G C[d, x]q(d + x), then r(d, x) G S, but the leading coefficient of 

p(x)q(d + x) \ r(d, x) = p(X + d + x)q(d + x)r(X + d, x) 

is in S which is q(d + x)r n (x), and this contradicts the assumption of minimality 
of p(x)q(d + x). 

So, suppose that h(d, x) C[d, x]q(d+x). Then h(d, x) = h(d, x)q(d+x)+s(d, x) 
with 7^ s(d,x) = J2k=o s k(x)d k = Yl^jLo ^ji^ + x )^ k an< ^ ^egSj < degq. By (2.7) 
we have p(x)s(d, x) + r(d, x) G S. Now, we compute: 

(p(x)s(d,x) + r(d,x)) A p(x)q(d + x) 

= (p(X + d + x)s(-X, X + d + x) + r(-X, X + d + x)) p(x)q(X + d + x) 

Then the leading coefficient in A is either p(x)s m (d + x) G S, which is impossible 
since deg s m < deg q, or p(x)f m (d + x) G S. But in the latter case, degf m > deg q, 
but by construction degf m < degp, and this contradicts the assumption degp < 
deg q. □ 
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Proof of Theorem 2.2. (a) Let S be a non-zero subalgebra of Cendi. If S C C[d] 
then by Lemma 2.4. (a) we have that S = C[d]. Therefore we may assume that 
there is r(d, x) G S which depends nontrivially on x. Recall that we can write 
r(d,x) = Y^7=oPi( x )d l = Y!j=o<lj{d + x )d J ■ We nave 

r(d, x) \ r(d, x) = r(— A, A + d + x)r(X + d,x) = 

m n 
i=0 j=0 

Then, considering the leading coefficient of this A-polynomial, we have 
Pm(x)q n {d + x) E S. Therefore, we may have one of the following situations: 

(1) p m (x) and q n (d + x) are constant, 

(2) q n (d + x) is constant and p m (x) is non-constant, 

(3) p m (x) is constant and q n (d + x) is non-constant, or 

(4) both polynomials non-constant. 

Let us see what happens in each case: 

(1) By Lemma 2.4. (b), we have that S =Cendi. 

(2) In this case, we may take p(x) € S of minimal degree, then using Lemma 2.5. (a) 
we have S = C[d, x]p(x). 

(3) It is completely analogous to (2). 

(4) Here, we have that p(x)q(x + d) E S and, again we may assume that it has 
minimal degree. Now, by Lemma 2.5. (c), we finish the proof of (a). 

The proof of (b) is straightforward. □ 

3. Finite modules over Cendjv,p 

Given R an associative conformal algebra (not necessarily finite), we will estab- 
lish a correspondence between the set of maximal left ideals of R and the set of 
irreducible R- modules. Then we will apply it to the subalgebras Cend^p. 

First recall that the following property holds in an i?-module M (cf. Remark 3.3 
[DK]): 

ax(b-d-tiv) = (axb)-d-fj,v a, b G R, v G M. (3.1) 

Remark 3.2. (a) Let v G M and fix \x G C, then due to (3.1) we have that R-q-^v 
is an i?-submodule of M. 

(b) Tor M is a trivial -R-submodule of M (Lemma 8.2, [DK]). 

(c) If M is irreducible and M = Tor M, then M ~ C. 

(d) If M is a non-trivial finite irreducible -R-module, then M is free as a C[<9]- 
module. 
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Lemma 3.3. Let M be a non-trivial irreducible R-module. Then there exists v G M 
and jueC such that R-q-^v 7^ 0. In particular, R-q-^v = M if M is irreducible. 

Proof. Suppose that R-g-^v = for all v G M and /j, G C, then we have that 
r-Q-^v = in C[fi] <g> M for all r E R and i> G M. Thus writing down r-g-^v as 
a polynomial in ^ and looking at the n-products that are going to appear in this 
expansion, we conclude that r\v = for all v G M and r G R. Hence M is a trivial 
.R-module, a contradiction. □ 

By Lemma 3.3, given a non-trivial irreducible -R-module M we can fix v G M 
and /i G C such that R-q-^v = M and consider the following map 



Observe that <f>{dr) = (d + fj) 4>(r) and using (3.1) we also have 4>{r\s) = r\4>(s). 
Therefore, the map <p is a homomorphism of -R-modules into M_ M , where is the 
^-twisted module of M obtained by replacing d by d + \i in the formulas for the 
action of R on M, and Ker(</>) is a maximal left ideal of R. Clearly this map is onto 
M_ M . 

Therefore we have that M-^ ~ (R/Ker (p) as i?-modules, or equivalently, 



On the other hand, it is immediate that given any maximal left ideal I of R, we have 
that (R/I)^ is an irreducible -R-module. Therefore we have proved the following 

Theorem 3.5. Formula (3.4) defines a surjective map from the set of maximal left 
ideals of R to the set of equivalence classes of non-trivial irreducible R-modules. 

Remark 3.6. (a) Observe that given an .R-module M and v G M, the set I={o£ 
R \ a\v = 0} is a left ideal, but not necessarily M ~ R/I. For example, consider 
C[<9] as a Cendi-module, then the kernel of a i— > a\v is {0}. 

(b) If we fix \x G C, there are examples of irreducible modules where R-q-^v = 
for all v G M (cf. Lemma 3.3). Indeed, consider C[d] as a Cend!^^) -module. 

Using Remark 3.2, Proposition 1.6 and Theorem 3.5, we have 

Corollary 3.7. The Cend^^p -module C[9]^ defined by (1.2) is irreducible if and 
only if detP(x) ^ 0. These are all non-trivial irreducible Cend^ -modules up to 
equivalence, provided that detP(x) 7^ 0. 

Note that Corollary 3.7 in the case P(x) = I, have been established earlier in 
[K2], by a completely different method (developed in [KR]). 



(p-.R^M, 



r ^ r-g-^v. 



M ~ (R/Ker 0) 



(3.4) 



A subalgebra S of Cend^ is called irreducible if S acts irreducibly in C[<9] 
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Corollary 3.8. The following subalgebras of Cend^ are irreducible: Cend^^p with 
detP(x) 7^ 0, and Cur^ or conjugates of it by automorphisms (1.3). 

Remark 3.9. It is easy to show that every non-trivial irreducible representation of 
CurN is equivalent to the standard module C[d] Ar , and that every finite module 
over Curj^ is completely reducible. 

We will finish this section with the classification of all extensions of Cendjv,p- 
modules involving the standard module C[9]^ and finite dimensional trivial mod- 
ules, and the classification of all finite modules over Cendjv. 

We shall work with the standard irreducible Cendjv,p-module Cfd]^ with A- 
action (see (1.2)) 

a(d, x)P(x) x v(d) = a(-X, X + d + a)P(\ + d)v(X + d). 

Consider the trivial Cendjv,p-module over the finite dimensional vector space Vr, 
whose C[<9]-module structure is given by the linear operator T, that is: d-v = T(v), 
v G Vt- As usual, we may assume that P(x) = diag{p\(x), ■ ■ ■ ,pn(x)}. We shall 
assume that det F^O. 

Theorem 3.10. a) There are no non-trivial extensions of Cend^^p -modules of the 
form: 

q^V t ^E^ C[d] N -> 0. 
b) If there exists a non-trivial extension of Cend^ ^p -modules of the form 

-> C[d] N -> E -> V T -> 0, (3.11) 

then detP(a + c) = for some eigenvalue c of T. In this case, all torsionless 
extensions of C[d] N by finite dimensional vector spaces, are parameterized by de- 
compositions P(x + a) = R(x)S(x) and can be realized as follows. Consider the 
following isomorphism of conformal algebras: 

CendN,p — > S \d + x) Cend^ R(x) , a(d,x)P(x) i— > S(d + x)a(d, x)R(x), 

where P(x+a) = R(x)S(x), (this is the isomorphism between CendN,s o,nd Cends,N 
(Proposition 1.9), restricted to CendN,RS(x)). Using this isomorphism, we get an 
action of Cend^^p on <C[d] N : 

a(d, x)P(x) x v(d) = S(d)a(-X, X + d + a)R(X + d)v(X + d). 

Then S(d)C[d] N is a submodule isomorphic to the standard module, of finite codi- 
mension in C[d] N . 
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c) If E is a non-trivial extension of Cendpj ,p -modules of the form: 

-> C[d] N -> E -> C[d] N -> 0, 



t/ien £■ = C^j^t^C 2 as a C[d]-mod«/e fwitt trivial action of d on C 2 ) and CendN,p 
acts by 



a(d, x)\(c(d) <S> u) 



a(-A, A + <9<g)l + l<g) J)c(A + d)(l® it), 



(3.12) 



where J is a 2 x 2 Jordan block matrix. 



Proof, a) Consider a short exact sequence of =CendAr 5 p-modules 



O^T^E^V^O, 



(3.13) 



where y is irreducible finite, and T is trivial (finite dimensional vector space) . Take 
v G E with v T, and let € C be such that A := R-g-^v ^ 0. Then we have 
three possibilities: 

1) The image of A in V is 0, then A = T, which is impossible since A corresponds 
to a left ideal of Cend^p. 

2) The image of A in V is V and A n T = 0, then A is isomorphic to V, hence 
the exact sequence splits. 

3) The image of A in V is V and T' = A n T ^ 0. Now, if T" = T then A = £ 
and .E is a cyclic module, which is impossible since it has torsion. If T' ^ T, we 
consider the exact sequence — > T' — > A — > F — > 0, by an inductive argument on 
the dimension of the trivial module, the last sequence split, i.e. A = T' (B V G E 
with V ~ V, hence E 1 = T © V' as CendA^p-modules, proving (a). 

b) We may assume without loss of generality that a = 0. Consider an extension 
of Cend^p-modules of the form (3.11). As a vector space E = C[d] N © Vt- We 
have, for v G Vt'- 



dv = T(v)+g v {d), where g v (d) G C[<9] , 
x l BP(x) x v = if B (A,d), where if S (A,<9) G (Cfd^fA], B G MatjyC. 

Let P(x) = YHLoQi x ' '• Since 

(x k AP(x) x x l BP(x)) x+ ^v = (\ + d + x) k AP{\ + d + x)x l BP(x) x+ „v 



EE 
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and 

x k AP(x) x (x l BP(x) li v) = x k AP(x) x (f?> B (», d)) 

= (A + d) k AP(X + d)fi' B (ji, X + d) 
must be equal by (A2)\, we have the functional equation 

m i+k / • _|_ t \ 

(A + d) k AP{\ + d)f?> B (^ A + d) = J2 E [ (-vY +k - J & QlB ^ + 

i=0 j=0 V ^ / 

(3.15) 

If we put n = in (3.15), we get 

m 

(A + d) k AP(\ + d)f?> B (0, X + d) = J2 /ffitS*^ d). (3.16) 

i=0 

Since the right-hand side of (3.16) is symmetric in k and /, so is the left-hand side, 
hence, in particular, we have 

(A + d) k AP(X + d)f^ B (0, X + d) = AP(X + d)f v k ' B (0, X + d). 

Taking A = I and using that det P ^ 0, we get 

f k > B (0, X + d) = (X + d) k f G A + d). (3.17) 

Furthermore, by (A1)a, we have [<9, x k AP(x)\]v = —X x k AP(x)\v, which gives us 
the next condition: 

(A + d)ft A {\ d) = fl {v) ' A {X, d) + (A + d) k AP(X + d)g v (X + d). (3.18) 

We shall prove that if c is an eigenvalue of T and Pj(c) ^ for all 1 < j < N, 
then (after a change of complement) the generalized eigenspace of T corresponding 
to the eigenvalue c is a trivial submodule of E (hence is a non-zero torsion sub- 
module). Indeed, let {v\, ■ ■ ■ ,v s } be vectors corresponding to one Jordan block of 
T associated to c, that is T(v\) = cv\ and T(vi + i) = cvi + i + Vi for % > 1. Then 
(3.18) with v = v\ becomes 

(X + d- c)i^' A (A, d) = (A + d) k AP(X + d)g Vl (A + d) (3.19) 

Observe that the right-hand side of (3.19) depends on X + d, so f k 1,A (X,d) = 
/£ 1,A (0, X + d). Then using (3.17), we have 

r k ^ A (x, d) = r k ^ A (o,x+d) = (x+d) k r ^ A (o,x+d) = (x+d) k C' A (x, d) (3.20) 
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Similarly, considering (3.18) with v = Vi+i (i> 1), we get 

(A + d - c)f k ^' A (X, d) = f v k » A (X, d) + (A + d) k AP(X + d)g Vi+1 (A + d) 



= (A + d) k [ff' A (0, X + d)+ AP(X + d)g Vi+1 (A + d) 

(3.21) 

Again, since the right hand side of (3.21) depends only on A + 9, we have that (3.20) 
also holds for any Vi. 

Using that Pj(c) ^ (j = l,--- ,N) (recall that P is diagonal), and taking 
A = Eij, we obtain from (3.19) with k = that 

fP> A (X,d) = AP(X + d)h Vl (X + d) (3.22.a) 

where g Vl (d) = (d — c)h Vl (d). Now, (3.21) with k = and i = 1 becomes (by 
(3.22.a)) 

(A + d - c)f 2 ' A (X, d) = f^iX, d) + AP(X + d)g V2 (X + d) 

= AP{X + d) (h Vl (A + d) + g V2 (A + d)) 

As in (3. 22. a), we get 

f^ A (X,d) = AP(X + d)h V2 (X + d) 

where g V2 (d) + h Vl (d) = (d — c)h V2 (d). Similarly, we obtain for all i > 1, 

ff +1 ' A (\,d) = AP(X + d)h Vt+1 (X + d) (3.22.b) 

where g Vi+1 (d) + h Vi (d) = (d - c)h Vi+1 (d). Changing the basis to v • = Vi - h Vi (d), 
we have from (3.22.a-b) that x h AP(x)\v' i = and 

dv[=T( Vl )+g Vl (d)-dh Vl (d) 

= cvi + (d - c)h Vl (d) - dh Vl (d) = cv[, 

dv' i+1 = T(v i+1 ) +g Vi+1 (d) - dh Vi+1 (d) 

= cv i+1 +Vi + {d- c)h v%+1 (d) - dh Vi+1 (d) - h Vi (d) (3.23) 
= cv'i^+v'i. 

Hence, the T-invariant subspace spanned by {v^} is a trivial submodule of E. There- 
fore, if Pj(c) 7^ for all j and all eigenvalues c of T, then E is a trivial extension. 
This proves the first part of (b). 
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Now suppose that the extension E of Cfc?]-^ by a finite dimensional vector space 
have no non-zero trivial submodule (equivalently, E is torsionless). By Remark 
3.2.(b), E must be a free C[<9]-module of rank N . 

Then, the problem reduces to the study of a CendA^p-module structure on E = 
C[d] N , but using Remark 1.1, this is the same as a non-zero homomorphism from 
Cendjv,p to Cendjv- So, the end of this proof also gives us the classification of all 
these homomorphisms. 

Denote by : Cendjv,p ^Cend^ the (non-zero) homomorphism associated to 
E. It is an embedding (due to irreducibility) of free C[<9]-modules Cjc?]^ — > C[<9] Ar , 
hence it is given by a non-degenerate matrix S(d) E MatjvC[<9]. Hence the action 
on E of Cendjv,p is given by the formula: 



= S{d) a(-A, X + d + a) P(X + d + a) v for all v E C N . 

v = (p(a(d,x)P(x)) x (S(d)v) 
= (S{d + x)a(d, x + a)P(x + a)) x v for all v E C N . 

Hence (f>(a(d, x)P(x)) = S(d + x) a(d, x + a) P(x + a) S~ 1 (x), and this is in Cendjv 
if and only if R(x) := P(x + a) S~ 1 (x) E M&t N C[x], proving b). 

c) Consider a short exact sequence of R =Cend7v p-modules 



<l>(a(d,x)P(x)) x (S(d)v) 
Furthermore, we have: 
(</>(a(d,x)P(x))S(x)) x 



(3.26) 



where V and V are irreducible finite. Take v E E with v ^ V, and let ji E C be 
such that A := ^ 0. Then we have three possibilities: 

1) The image of A in V is 0, then A = V, which is impossible because v V. 

2) The image of A in V is V and A fl V = 0, then A is isomorphic to V , hence 
the exact sequence splits. 

3) The image of A in V is V and A fl V = V, hence A = E and E is a cyclic 
module, hence corresponds to a left ideal which is contained in a unique max ideal 
(otherwise the sequence splits). It is easy to see then that E is the indecomposable 
module given in (3.12), where J is the 2x2 Jordan block. □ 

Corollary 3.27. There are no non-trivial extensions of Cendw -modules of the 
form: 

0^V T ^E^C[d] N ^0 or -> C[d] N -> E -> V T -> 
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Theorem 3.28. Every finite Cend^ -module is isomorphic to a direct sum of its 
(finite dimensional) trivial torsion submodule and a free finite C[d]-module C[d] N ® 
T on which the X-action is given by 

a(d, x)\(c(d) ®u) = a(-A, \ + d®l + l® a)c(X + <9)(1 <g) u), (3.29) 

where a is an arbitrary operator on T. 

Proof. Consider a short exact sequence of R =CendAr-modules 

O^V^E^V'^0, 

where V and V are irreducible finite. By Theorem 3.10(c), the exact sequence split 
or E is the indecomposable module that corresponds to a 2 x 2 Jordan block J, 
i.e., E = C[d] N <g> C 2 , and R acts via (3.29), where S = 0, (3 = and a = J. 

Next, using Corollary 3.27, the short exact sequences of -R-modules — > V — > 
E — > C — > and O^C^E^V^O, where C is a trivial 1-dimensional 
R— module, and V is a standard R- module (1.2), split. 

Recall [Kl] that an .R-module is the same as a module over the associated ex- 
tended annihilation algebra (AlgR)~ = Cd x (Algi?)_, where (Algi?)_ is the anni- 
hilation algebra. For R = Cend n one has: 

(Al gj R)_ = (Diff^C) , (Algfl) - = Cd x (Al gj R)_ , 

where d acts on (Algi?)_ via —addt- Furthermore, viewed as an (Algi?) --module, 
all modules (1.2) are equivalent to the module F = C[t, t _1 ] N /C[t] N , and the 
modules (1.2) are obtained by letting d act as — d t + a. 

Let M be a finite -R-module. Then it has finite length and, by Corollary 3.7, all 
its irreducible subquotients are either trivial 1-dimensional or are isomorphic to a 
standard -R-module (1.2). Since in the case b) above, the exact sequence splits when 
restricted to (Algi?)_, we conclude that, viewed as an (Alg.R)_-module, M is a finite 
direct sum of modules equivalent to F or trivial 1-dimensional. Thus, viewed as an 
(Alg.R) --module, M = S © (F <g> T), where S and T are trivial (Alg-R) --modules. 
The only way to extend this M to an (Algi?) "-module is to let d act as operators 
a and f3 on T and S, respectively, and as — d t on F, which gives (3.29). □ 

4. Automorphisms and anti- automorphisms of Cend^p 

A C [d] -linear map a : R — > S between two associative conformal algebras is 
called a homomorphism (resp. anti-homomorphism) if 



<r(a\b) = a(a)\a(b) (resp a(a\b) = a(b)-\- d a(a)). 
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An anti-automorphism a is an anti-involution if a 2 = 1. 
An important example of an anti-involution of Cend^ is: 

<r(A(d,x)) = A t (d,-x-d) (4.1) 

where the superscript t stands for the transpose of a matrix. 

By Corollary 3.7 we know that all irreducible finite Cendiv-modules are of the 
form (a G C): 

A(d, x)xv(d) = A(-X, A + d + a)v(\ + d). 

Hence, twisting one of these modules by an automorphism of CendAr gives again 
one of these modules, and we get the following 

Theorem 4.2. All automorphisms of Cend^ are of the form: 

A(d, x) i — ► C(d + x)A(d, x + a)C(x)-\ 

where a G C and C(x) is a matrix with a non-zero constant determinant. 

This result can be generalized as follows. 

Theorem 4.3. Let P(x) GMaij\rC[s] with det P(x) ^ 0. Then all automorphisms 
of Cend^^p are those that come from Cend^ by restriction. More precisely, any 
automorphism is of the form: 

A(d, x)P(x) i — ► C(d + x)A(d, x + a)B(x)P(x), (4.4) 

where a G C, and B(x) and C(x) are invertible matrices in MatN^x] such that 

P(x + a)= B(x)P(x)C(x). (4.5) 



Proof. Let 7r'(a) = 7r(s(a)), where n is the standard representation and s is an 
automorphism of Cend^p. Since it is equivalent to the standard representation due 
to Corollary 3.7, we deduce that s(a(d, x)) = C(d + x)a(d, x + a)C(x)~ 1 for some 
invertible (in MatjvC[x]) matrix C(x). But C(d + x)CendN,pC(x)~ 1 =Cendiv ) p if 
and only if (4.5) holds. Indeed, we have: C(d + x) P(x + a)C(x)~ 1 = A{d, x)P(x) 
for some A(d,x) G Cendjv. Taking determinants of both sides of this equality, we 
see that det A(d, x) is a non-zero constant. Hence B{x) := P(x + a)C(x)~ 1 P(x)~ 1 
is invertible in MatjvC[x], finishing the proof. □ 
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Theorem 4.6. Let P(x) eMatNC[x] with det P(x) 7^ 0. Then we have, 
a) All non-zero homomorphisms from Cendw,p to Cend^ are of the form: 

a(d, x)P(x) i — ► S(d + x)a(d, x + a)R(x), (4.7) 

where a G C, and R(x) and S(x) are matrices in Mat^Clx] such that 

P(x + a) = R(x)S(x). (4.8) 

(b) All non-trivial anti- homomorphisms from Cendw,p to Cend^ are of the form: 

a(d, x)P(x) i — > A(d + x)a\d, -d - x + a)B(x), (4.9) 
where a G C, and A(x) and B(x) are matrices in Mat^Clx] such that 

P t (-x + a) = B(x)A(x). (4.10) 

(c) The conformal algebra Cendw,p has an anti- automorphism (i.e. it is isomor- 
phic to its opposite conformal algebra) if and only if the matrices P t (—x + a) and 
P(x) have the same elementary divisors for some a G C. In this case, all anti- 
automorphisms of CendN,p are of the form: 

a(d, x)P(x) i — ► Y(d + x)a t (d, -d - x + a)W(x)P(x), (4.11) 

where Y(x) and W(x) are invertible matrices in MatNC[x] such that 

P\-x + a)= W(x)P(x)Y(x). (4.12) 

(d) The conformal algebra CendN,p has an anti-involution if and only if there exist 
an invertible in MatNC[x] matrix Y(x) such that 

Y\-x + a)P\-x + a) = eP(x)Y(x) (4.13) 

for e = 1 or —1. In this case all anti-involutions are given by 

o-p,Y,e, a ( a ( d ' x)P(x)) = eY(d + x)a\d, -d - x + a)Y\-x + a) _1 P(x), (4.14) 

where Y(x) is an invertible in MatiyC[x] matrix satisfying (4-13). 

Proof, a) Follows by the end of proof of Theorem 3.10(b). 

b) Since composition of two anti-homomorphisms is a homomorphism, using the 
anti-involution (4.1) we see that any anti-homomorphism must be of the form 

a(d, x)P(x) -> R\-d - x)a t (d, -d - x + a)5*(-x) (4.15) 
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with P(x + a) = R(x)S(x). Then, (4.9) and (4.10) follows by taking A(x) = S^-x) 
and B(x) = R\-d-x). 

c) Let 4> be an anti-automorphism of Cend^p. In particular, it is an anti- 
homomorphism as in part b), whose image is Cendjv,p- Then, for all a(<9, x)P(x) G 
Cend^p, we have that 4>{a(d, x)p(x)) = A(d + x)a t (d, — d — x + a)B(x) G Cend^p. 
Then taking a(<9, x) the identity matrix we have that 

A(d + x)B(x) = b(d, x)P(x), for some b(d, x) G Cendjv.p. (4.16) 

Recall that P t (—x + a) = B{x)A(x). Taking determinant of both sides of (4.16), 
and comparing its highest degrees in x, we deduce that det 6(<9, x) and det A{x) are 
both (non-zero) constants. Now, from (4.16), we see that A~ 1 (d+x)b(d, x) does not 
depend on d. Then we have B(x) = W{x)P{x), where W(x) = A~ 1 (d + x)b{d,x) 
is an invertible matrix. Therefore, 

<f)(a(d, x)P(x)) = A(d + x)a t (d, -d - x + a)W(x)P(x), (4.17) 

with A, W invertible matrices such that 

W(x)P(x)A(x) = P\-x + a). (4.18) 

d) Now suppose that <fi is an anti-involution. Then it is as in (4.11), and it also 
satisfies </> 2 = id. This condition implies that 

a(d, x)P(x) = Y(d + x)W\-d -x + a)a(d, x)Y t (-x + a)W{x)P{x) (4.19) 

for all a(d,x) G Cendjv,p- Denote Z(x) = Y t (—x + a)W(x). Taking a(d,x) =Id in 
(4.19) and using that detP(x) ^ 0, , we have Y(d + x) W\-d - x + a) = Z' 1 ^). 
Now, (4.19) becomes a(d, x)P(x) = Z~ 1 (x)a(d,x)Z(x)P(x). Hence, we obtain 
Z(x) = eld, with e = 1 or -1. Thus, Y~ 1 (X) = eW\-x + a). From (4.12) we 
deduce that 

P(x)Y(x) = e(P(-x + a)Y(-x + a)) f . (4.20) 

This condition is also sufficient. There exists an anti-involution if (4.20) holds for 
some invertible matrix Y, and it is given by 

<f)(a(d, x)P(x)) = eY(d + x)a t (d, -d - x + a)Y\-x + a) _1 P(x). □ 

Two anti-involutions a, r of an associative conformal algebra R are called conju- 
gate if a = (/?oro(£> _1 for some automorphism cp of R. Recall that two matrices a and 
b in MatArCfa;] are called a-congruent if b = c*ac for some invertible in Mat7vC[x] 
matrix c, where c(x)* := c(—x + a) 1 . We shall simply call them congruent if a = 0. 
The following proposition gives us a characterization of equivalent anti-involutions 
o~p,Y,e,a in Cendjv,p (defined in (4.14)) and relates anti-involutions for different P. 
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Proposition 4.21. (a) The anti-involutions crp,Yi, ei , a and crp^^n °f CendN, p 
are conjugate if and only if ei = e 2 and P(x + ^^)Y 2 (x + ^^-) is a-congruent to 
P(x)Y 1 (x). 

(b) Let (fY be the automorphism of CendN given by 

(py(a(d, x)) = Y(d + x)~ 1 a(d : x)Y(x), 

where Y is an invertible matrix in MatNC[x], and let P and Y satisfying (4-13). 
Then 

0-p 7 Y, £ ,a = W Y ° 0-p Y ,I,e,a ° ■ (4.22) 

(c) Let c a be the automorphism of CendN given by c a (a(d,x)) = a(d, x + a), where 
a G C. Suppose that P t (—x + a) = eP(x), for e = 1 or —1, then Q(x) := P(x + ^) 
satisfies Q t (—x) = eQ(x) and 

ffp,/,£,Q = C| 1 offQ,/, £ ,o°Cf. (4.23) 

Proof, (a) Let <fiB,c,a be the automorphism of Cendjv,p given by in (4.4) and 
(4.5). A straightforward computation shows that <P~b c p ° 0\p,y, e ,a ° ^3,0,(3 = 
a P,Y,e,2i3+ai where Y{x) = C _1 (x - j3)Y{x - l3)B\-x + a + (3) and P(x + (3) = 
B(x)P(x)C(x). Hence, if crp^,^^ and crp,Y 2 ,e 2 ,i are conjugate, then ei = e 2 and 
Y 2 {x) = C~ 1 {x - (3)Y(x - 'p)B*(-x + a + p), with (3 = 7 - a/2. Therefore, 
P(x + (3)Y 2 {x + /3) = B(x)P(x)Y 1 (x)B t (-x + a), that is P(x + 2 ^)Y 2 (x + ^) 
is a-congruent to P(x)Yi(x). 

Conversely, suppose that P(x + ^)Y 2 (x + 2=2) = B(x)P(x)Y 1 (x)B t (-x + a) 
for some B(x) invertible matrix in MatjvC[x]. Recall that Y"i and Y 2 are invert- 
ibles. Then C(x) := Yi(x)B t {—x + a)Y 2 (x + is an invertible matrix in 

MatjyC[a;], satisfies P(x + -^^) = B(x)P(x)C(x), and it is easy to check that the 
anti-involutions are conjugated by the automorphism tp B c 7 -a , proving (a). Part 
(b) and (c) are straightforward computations. □ 

Theorem 4.24. Any anti-involution of CendN is, up to conjugation by an auto- 
morphism of CendN-' 

a(<9, x) I— > a*(<9, —d — x), 

where * is the adjoint with respect to a non- degenerate symmetric or skew- symmetric 
bilinear form over C. 

Proof. Using Theorem 4.6(d), we have that any anti-involution of Cendjv has the 
form a(a(<9, x)) = c(d + x)a(d, —d — x + a) t c(x)~ 1 , where c(x) is an invertible matrix 
such that c{x) t = ec(—x + a), with e = 1 or —1. By Proposition 4.21(c), we may 
suppose that a = 0. Now, the proof follows because c(x) is congruent to a constant 
symmetric or skew-symmetric matrix, by the following general theorem of Djokovic. 
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Theorem 4.25. (Djokovic, [Dl-2]) If A is invertible in Mat N (C[x}) and A* = A 
(resp. A* = —A) where A(x)* = A{—x), then A is congruent to a symmetric 
(resp. skew- symmetric) matrix over C. 

Proof. The symmetric case follows by Proposition 5 in [Dl]. The skew-symmetric 
case was communicated to us by D. Djokovic and we will give the details here. 
Suppose A* = -A. By Theorem (2.2.1), Ch. 7 in [Kn] it follows that A has to be 
isotropic, i.e. there exists a non-zero vector v in C[x] JV such that v*Av = 0. We can 
assume that v is primitive (i.e., the greatest common divisor of its coordinates is 1). 
But then C[x]v is a direct summand: Cfx]^ = C[x]v(BM, for some C[;r] -submodule 
M of C[;r] iV . Then we have C[:r] iV = (C[x]t;)- L © M 1 - and M 1 - is a free rank one 
C[x]-module, that is M 1 - = C[x]w for some w G Cfx]^. Since C[x]v C (C[a;]i;) , 
the submodule P = C[x]v + C[x]w is free of rank two. If Q = M n (C[x]u) , then 
since C[x]v C (Cfxjw)- 1 - we have (Cfxjw)- 1 - = C[x]v © Q and 

C[x] N = (Cfxlu) 1 - © C[x]w = P®Q. 

Since Q = P -1 , the submodule generated by v and w is a direct summand. Choose 
w' E P such that v* Aw' = 1. Then v,w' must be a free basis of P and the 
corresponding 2x2 block is of the form 




for some skew element / = g — g* (cf. Proposition 5 [Dl]). One can now replace / 
by 0, by taking the basis v, w' — gv, and use induction to finish the proof. □ 

Remark 4 ■ 26. We do not know any counter-examples to the following generalization 
of Djokovic's theorem: If A e Matjv(C[x]) and A* = A (resp. A* = —A) where 
A(x)* = A(—x), then A is congruent to a direct sum of 1 x 1 matrices of the form 
(p(x)) where p is an even (resp. odd) polynomial and 2x2 matrices of the form 

( q(x)\ 
\-q(x) J 

where q(x) is an odd (resp. even) polynomial. 

As a consequence of Theorem 4.6, we have the following result. 

Theorem 4.27. Let P(x), Q(x) GMai/vC[x] be two non- degenerate matrices. Then 
CendN,p is isomorphic to CendN,Q if and only if there exist a G C such that Q(x) 
and P(x + a) have the same elementary divisors. 

Proof. We may assume that P is diagonal. Let <j> : Cend^p — >Cend n,q be an 
isomorphism. In particular it is a homomorphism from CendA^p to CendAr whose 
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image is Cendjv,Q- Then, by Theorem 4.6(a), we have that (f>(a(d, X)P(X)) = 
A(d + x)a(d, x + a)B(x), with P(x + a) = B{x)A{x). In particular 

A(d + x)a(d,x + a)B(x) = Q(x) (4.28) 

for some a(d,x)P(x) G Cendjv,p. 

Taking determinant in both sides of (4.28), and comparing its highest degrees 
in <9, we can deduce that det A(x) is constant. Now, define the isomorphism <p2 = 
Xa °4> '■ Cendjv,p — »Cend jv,QA, where XA(a(d, x)) = A~ 1 (d + x)a(d, x)A(x). Hence 
(f>2(a(d,x)P(x)) = a(d, x + a)B(x)A(x). Since 02 is an isomorphism, we have that 

B(x)A(x) = D(x)Q(x)A(x) and C(x)B(x)A(x) = Q(x)A(x) 

for some C(x) and D{x) (obviously C and D does not depend on d). Comparing 
these two formulas, we have that C(x)D(x) = Id. Then both are invertible matrices, 
and Q(x)A{x) = C(x)B(x)A(x) = C(x)P(x + a) for some invertible matrices A 
and C. □ 

5. On irreducible subalgebras of Cendat 

In this section we study the conformal analog of the Burnside Theorem. A 
subalgebra of Cendjv is called irreducible if it acts irreducibly on C[d] N . The 
following is the conjecture from [K2] on the classification of such subalgebras: 

Conjecture 5.1. Any irreducible subalgebra of Cend^ is either Cend^^p with 
detP(x) ^ or C(x + d) Cur^ C(x)~ 1 (i.e. is a conjugate of Cur^), where 
detC(x)=l. 

The classification of finite irreducible subalgebras follows from the classification 
in [DK] at the Lie algebra level: 

Theorem 5.2. Any finite irreducible subalgebra of Cend^ is a conjugate of CurN- 

Proof. Let R be a finite irreducible subalgebra of Cendiv. Then the Lie conformal 
algebra R- (with the bracket [a\b] = a\b — b-Q-\a), of course, still acts irreducibly 
on C^]^. By the conformal analogue of the Cartan-Jacobson theorem [DK] applied 
to a conjugate R± of R either contains the element xl , or is contained in 
MatjvC[<9]. The first case is ruled out since then R\ is infinite. In the second case, 
by the same theorem, Ri contains Curg, where g cMatArC is a simple Lie algebra 
acting irreducibly on C^, provided that N > 1. 

By the classical Burnside theorem, we conclude that Ri =MatjvC[<9] in the case 
N > 1. It is immediate to see that the same is true if N = 1 (or we may apply 
Theorem 2.2). □ 
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Theorem 5.3. If S ^Cend^ is an irreducible subalgebra such that S contains the 
identity matrix Id, then S = CurN or S =Cend^ . 

Proof. Since Id G S, and using the idea of (1.7), we have that S = C[d]A, where 
A = SflMatjvC[x]. Observe that A is a subalgebra of MatjvC[x]. Indeed, 

P(x)Q(x) = P{x) x Q{x)\ x= _ d G S for all P, Q G A. 

In order to finish the proof, we should show that A =MatArC or A =MatjvC[x]. Ob- 
serve that A is invariant with respect to d/dx. Because P(x)\(Id) = P(X + d + x) G 
C[A]<g>S. 

Let Aq C Mat^vC be the set of leading coefficients of matrices from A. This is 
obviously a subalgebra of Mat^C that acts irreducibly on C^. Otherwise we would 
have a non-trivial A -invariant subspace u C C^. Let U denote the space of vectors 
in Cfd]^ whose leading coefficients lie in u; this is a C [d] -sub module. But we have: 

a(x) x u(d) = a(X + d)u(X + d) = J2 ^( a ( X + d ) u ( X + d)) U) \\=o , 

j>0 J ' 

where (j) stands for j-th derivative. Since both A and U are invariant with respect 
to the derivative by the indeterminate, we conclude that U is invariant with respect 
to A, hence with respect to S = C[d]A. 

Thus, Aq = Mat^C. Therefore A is a subalgebra of MatArC[x] that contains 
MatArC and is <i/<ia>invariant. If A is larger than Mat;vC, applying d/dx a suitable 
number of times, we get that A contains a matrix of the form xa, where a is a 
non-zero constant matrix (we can always subtract the constant term). Hence A D 
x(MatArC)a(MatArC) = xMatArC, hence A contains x k Mat N (C) for all k G Z + . □ 

6. Lie conformal algebras gc N , oc N:P and spc N:P 

A Lie conformal algebra R is a C[<9]-module endowed with a C-linear map 
R <E> R — ► C[A] <S> R, a <8> b i— > [a\b], called the A-bracket, satisfying the follow- 
ing axioms (a, b,c G R), 

(C1) A [(da) x b] = —\[a\b], [a x (db)} = (X + d)[a x b] 

(C2) x [a x b] = -[a_ a _ A 6] 

(C73) A [a x [b^c] = [[a x b] x+ ^c] + [6 M [a A c]]. 

A module M over a conformal algebra R is a C[<9]-module endowed with a C- 
linear map R® M — >■ C[A] <8> M, a <S> v h- > a x v, satisfying the following axioms 
(a, be R), v G M, 



24 C. BOYALLIAN, V. G. KAC AND J. I. LIBERATI 

(Ml) x {da)fv = [8 M , af]v = -Xafv, 

(M2) A K,b??]v = [a x b]r + »v. 

Let U and V be modules over a conformal algebra R. Then , the C[<9]-module 
N := Chom(L r , V) has an R- module structure defined by 

Oa = aX(<Pn-\u) - (pn-\(a%u), (6.1) 

where a E R, <p E N and u E U . Therefore, one can define the contragradient 
conformal -R-module U* =Chom(L r , C), where C is viewed as the trivial .R-module 
and C[<9]-module. We also define the tensor product U <g) V of -R-modules as the 
ordinary tensor product with C[<9]-module structure (uEU,v E V): 

d(u <S>v) = du <S> v + u <S> dv 

and A-action defined by (r E R): 

r\(u <S>v) = r\u ®v + u® r\v. 

Proposition 6.2. Let U and V be two R-modules. Suppose that U has finite rank 
as a C[d]-module. Then U*<S>V ~ Chom(U, V) as R-modules, with the identification 
(/ ® v) x {u) = f x+d v{u) v, f EU*,uEU andvE V. 

Proof. Define cp : U* <S> V — >Chom(£/, V) by cp(f <g> v)\(u) = f\+dv(u) v. Observe 
that (f is C [d] -linear, since 

ip(d(f <g> v)) x (u) = ip(df ®v + f® dv)x(u) = (df) x+d v (u) v + f x+d v (u) dv 

= -(X + d V )f x+d v(u)v + f x+ gv(u) 8v = -Xf x+ gv(u)v 

= -\<p(f ® v)x(u) = d(<p(f ® v))\(u) 
and if is a homomorphism, since 

<p(r\(f <S> v)j (u) = <fi(r x f <g> v + / <g> r\v) (u) 

= (r x f)^ +d v(u) v + f^ +d v{u) (r x v) 
= -f^ x+d v(r x u) v + f^ +d v(u) (r x v) 

and 

(r\(<f(f ® v))^(u) = r x (y(f <g> u) M _ A (it)) - <fi(f <S> v) fl -\(r\u) 

= r x (f^_ x+d v(u) v) - f^_ x+d v{r x u) v 
= fn+dv(u) (r\v) - f^_ x+d v(r x u)v. 
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The homomorphism <p is always injective. Indeed, if <fi(f<S>v) = 0, then f^+gv (u)v = 
for all u G U . Suppose that d^O, then f\ + gv = 0, that is / = 0. 

It remains to prove that ip is surjective provided that U has finite rank as a 
C[<9]-module. Let g G Chom(t/, V), and U = C[<9]{iti, • • • ,u n }. Then, there exist 
Vik G U such that 

n%i mi 

9\{ui) = J^(A + d v ) k v ik = ^2 ® v ik )\{ui), 

fc=0 k=0 

where fit G U* is defined (on generators) by fik(uj) = $i,j^ h - Therefore, g = 
¥(527=0 YJk=o fik ® v ik ), finishing the proof. □ 

In general, given any associative conformal algebra R with A-product a\b, the 
A-bracket defined by 

[a\b] := a x b - b- d - X a (6.3) 

makes R a Lie conformal algebra. 

Let V be a finite C[<9]-module. The A-bracket (6.3) on Cend V, makes it a Lie 
conformal algebra denoted by gc V and called the general conformal algebra (see 
[DK], [Kl] and [K2]). For any positive integer N, we define gc./v :=gcC[d] N = 
MatNC[d,x], and the A-bracket (6.3) is by (1.1): 

[A(d, x) x B(d, x)] = A(-X, x + X + d)B(X + d,x)- B(X + d,-X + x)A(-X, x). 

Recall that, by Theorem 4.24, any anti-involution in Cend at is, up to conjugation 

a*(A(d,x)) = A*(d,-d-x), (6.4) 

where * stands for the adjoint with respect to a non-degenerate symmetric or skew- 
symmetric bilinear form over C. These anti-involutions give us two important 
subalgebras of gc^: the set of — cr* fixed points is the orthogonal conformal algebra 
ocn (resp. the symplectic conformal algebra spc^), in the symmetric (resp. skew- 
symmetric) case. 

Proposition 6.5. The subalgebras oc/v and spcjy are simple. 

Proof. We will prove that ocn is simple. The proof for spcN is similar. Let I be 
a non-zero ideal of oc^. Let ^ A(d,x) G I, then A(d,x) = Y2iLod la i( x ) = 
52^=0 d-* a>j(d + x), with ai(x),a,j(x) G MatjvC[x]. Now, using that A(d,x) = 
—A t (d,—d — x), we obtain that n = m and ai{x) = — a\{— x). Computing the 
A-bracket 

[xEij - (-d - x)E ji \ A(d, x)] = X m+1 (E ZJ a m (x) - <4(-0 - x)E ji ) + X m . . . 
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we deduce that E i ja rn (x)—a t rn (—d—x)Ej i G /, with a m 7^ 0. By taking appropriate % 
and j, we have that there exist polynomials bk(x) such that 
J2k=i(bk(x)Eik — bk(—d — x)Eki) G i", with b r ^ for some r ^ i. Now by 
computing [(2x + 9)i? rr > ^2 k =i(bk(x) E ik — b k (— d — x)E ki )\ and looking at its lead- 
ing coefficient in A, we show that E r i — E{ r G /, with r ^ i. Taking brackets 
with elements in on, we have ^7 — E\ 3 G / for all j ^ I. Now, we can see 
from the A-brackets [x-Eh — (—9 — x)Ei r \ Ei r — E r j\ = (2x + d)(Eu — E rr ) and 
[(2a; + d)Ea \ (2x + d)(Eu - E rr )} = X(2x + d)E ih that (2x + d)E u G I for all i. 
The other generators are obtained by (k 7^ 

\{-x) k E lk - (<9 + x) k E kl x E jk - E kj ] h=0 = x k E ij - (-d - x) k E 3l . 

Similarly, we can see that (x k — {—d — x) k )Ea G /, finishing the proof. □ 

The conformal subalgebras oc^ and spc^, as well as the anti-involutions given 
by (6.4), and their generalizations can be described in terms of conformal bilinear 
forms. Let V be a C[<9]-module. A conformal bilinear form on V is a C-bilinear 
map ( , )\ : V x V — > C[A] such that 

(dv, w)\ = —\{v, w)\ = —{v, dw)\, for all v, w G V. 

The conformal bilinear form is non- degenerate if (v,w)\ = for all w G V, im- 
plies v = 0. The conformal bilinear form is symmetric (resp. skew- symmetric) if 
(v, w)\ = e(w, v)-x for all v, w G V, with e = 1 (resp. e = —1). 

Given a conformal bilinear form on a C[<9]-module V, we have a homomorphism 
of C [d] -modules, L : V — > V*, u 1— > L„, given as usual by 

= {v,w)x, veV. (6.6) 

Let y be a free finite rank C[<9]-module and fix (3 = {ei, • • • , cat} a C[<9]-basis of V. 
Then i/ie matrix of ( , )a wit/i respect to (3 is defined as Pij(X) = (ei, e 3 )x- Hence, 
identifying V with C^]^, we have 

(v(d), w(d))x = v t (-X)P(X)w(X). (6.7) 

Observe that P t (—x) = eP(x) with e = 1 (resp. e = —1) if the conformal bilinear 
form is symmetric (resp. skewsymmetric) . We also have that Im L = P(—d)V*, 
where L is defined in (6.6). Indeed, given v(d) G V, consider gx G V* defined by 
g x (w(d)) = v t (-X)w(X), then by (6.7) 



(L v{d) )xw(d) = v t (-X)P(X)w(X) = gx(P(d)w(d)) = (P(-d)g) x (w(d)), 



ON THE CLASSIFICATION OF SUBALGEBRAS OF CEND^v AND gc N 



27 



where in the last equality we are identifying V* with Cfd]^ in the natural way, 
that is / G V* corresponds to (f-gei,--- , f-ge^) G C[d] N . Therefore, if the 
conformal bilinear form is non-degenerate, then L gives an isomorphism between V 
and P(-d)V*, with detP ^ 0. 

Suppose that we have a non-degenerate conformal bilinear form on V = C[d] N 
which is also symmetric or skew-symmetric. Denote by P(A) the matrix of this 
bilinear form with respect to the standard basis of C[d] N . Then for each a G Cendjv 
and w G V, the map fx' w {v) ■= (w,a^v) X -^ is in C[fj] V*, that is ft' w is 
a C-linear map, f^ ,w (dv) = Xf^ ,w (v) and depends polynomialy on /j,, because 
deg M f^ ,w (v) < max{deg M f\ ,W ( e i) '■ i = ,N}. Observe that if we restrict 

to Cendiv.p, then ff' w = (P(-d)f a ' w ) x G Im L. Therefore, since ( , ) A is 
non-degenerate, there exists a unique (aP)*iu G C[/z] ® V such that fx P,W {v) = 
(w,aP^v)\-^ = ((aP)^w,v)\. Thus, we have attached to each aP G Cendjv,p a 
map (aP)* : V — > C[fj] <8>V, w i— > (aP)*iy, where the vector (oP)*w is determined 
by the identity 

(aP^v, w) x = (v, (aP)*w) A _ M . 
Observe that (aP)^(dw) = (d + fi) (aP)*w, that is (aP)* G CendV. Indeed, 

(v, (aP)* (dw)) X -n = (aP^v, dw)\ = A (aP^v, w) x 

= -{d(aP fl v),w)x = (naP fI v,w)x - (aP fJi dv,w)x 
= /I (v, (aP)*w) A - A1 - (9^(a?)^) A -^ 
= <t;,(/* + 0) (aP)» A _ M . 

Moreover we have the following result: 

Proposition 6.8. (a) Let ( , )x be a non- degenerate symmetric or skew- symmetric 
conformal bilinear form on C[d] N , and denote by P(A) the matrix of ( , )\ with 
respect to the standard basis of C[d] N over C[d]. Then the map aP ^ (aP)* from 
CendN,p to Cend^ defined by 

(a^v, w)x = (v, a*«;) A _ M . (6.9) 

is the anti-involution of Cend^^p given by 

(a(d, x)P{x)Y = ea\d, -d - x)P(x), (6.10) 

where P t (—x) = eP(x) with e = 1 or —1, depending on whether the conformal 

bilinear form is symmetric or skew- symmetric. 

(b) Consider the Lie conformal subalgebra of gcN defined by 

<7* = {a G Cendfq^p : a* = —a } 

= {a G Cend NtP : (a^v, w) x + (v, a M w) A _ At = 0, for all v, w G C[d] N }, 
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where * is defined by (6.10). Then under the pairing (6.6) we have C[d] N ~ 
P(-d)(C[d] N )* as g*-modules. 

Proof, (a) First let us check that <p(aP) = (aP)* defines an anti-homomorphism 
from Cendjv,p to Cend^. Since (a, b G Cendjv,p) 

(v, (a M 6)*«;) A _ 7 = ((a M &) 7 i>,«;) A = (a At (6 7 _ M w), w)\ 

= (6 7 _^,a*w) A - M = (f,6 7 _ M (a*w)) A - 7 
= (v, (6 7 _^a*) 7 w) A _ 7 , 

we have that y?(a M 6) 7 = (</?(6) 7 _ M </?(a)) 7 = (<p(&)a_ M <p(a)) 7 . 
Now, using Theorem 4.6(b), we have that 

ip(a(d, x)P(x)) = A(d + x)a\d, -d - x + a)B(x), 

with a G C and P t (—x + a) = B{x)A{x). Replacing (f(aP) in (6.9) and using (6.7), 
we obtain 

P(X-fi)a t (-^^-X)P(X) = P(X-fj,)A(X-fj l )a t (-fjL,fjL-X+a)B(X), for all a(d,x). 

(6.11) 

Taking a(<9, x) = I and using that detP ^ 0, we have P(X) = A(X — fj,)B(X). Since 
the left hand side does not depend on fx, we get A = A(x) GMatjyC, with det A ^ 0. 
Using that eP(x — a) = P t (—x + a) = B(x)A, then (6.11) become 

a*(-/x,/x - A)eS(A + a) A = Aa*(-^,/x- A + a)B(X), for all a(d,x). 

In particular, we have eS(A + a)A = AB(X). Hence a*(— /i, fi — X)A = Aa*(— — 
X + a) for all a(d, x), getting a = and A = cl. Therefore, 

(p(a(d, x)P(x)) = ea*(<9, -d - x)P(x), 

with P t (—x) = eP(x) with e = 1 or — 1, depending on whether the conformal 
bilinear form is symmetric or skew-symmetric, getting (a), 
(b) Using (6.6), we obtain for all a G g* and v,w G Cfd]^ that 

(L a „v)\(w) = {a^v,w) x = -(v,a,j,w)x-n = -(L„) A _ At (a At w) = (a^(L v )) x (w). 
finishing the proof. □ 

Observe that ocat (resp. spciv), can be described as the subalgebra g* of gcN in 
Theorem 6.8(b), with respect to the conformal bilinear form 

(p(d)v, q(d)w) x = p(~X)q(X) (v, w) for all v,weC N , 
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where (•, •) is a non-degenerate symmetric (resp. skew-symmetric) bilinear form on 
C N . For general P, see (6.16) below. 

Then, ocn (resp. spcn) is the C[<9]-span of {y A := x n A - (-8 - x) n A* : A G 
MatArC}, where * stands for the adjoint with respect to a non-degenerate symmetric 
(resp. skew-symmetric) bilinear form over C Therefore we have that gcN = ocn © 
Mn (resp. gcN = spcN © Mn), where Mn is the set of ovfixed points, i.e. 

M N = C[d]-span of {w n A := x n A + (-8 - x) n A* : A G MatjvC}. (6.12) 

We are using the same notation M N in the symmetric and skew-symmetric case. 
Observe that M/v is an ocjv-module (resp. spc^-module) with the action given by 

y n A x w% = (A + d + w AB TwJ B - (-8 - w A * B ) n w^ B 

+ (-l) n (-A -8- w AB «r +n - (-A + w BA ) m w BA (6 ' 13) 



Let us give a more conceptual understanding of the module M^. Let V = C[8] N . 
By definition, V* =Chom(V, C) = {a : C[8] N -> C[A] : a x 8 = Xa x } and given 
a G V* it is completely determined by the values in the canonical basis {e^} of C^, 
this is p a (X) := {a x e u --- ,a x e N ) G C[X] N . Thus, we may identify V* ~ C[X] N 
and C[9]-module structure given by (dp)(X) = —Xp(X). 

We have that gcN acts on V by the A-action 

A(d, x) x v(8) = A(-X, X + 8)v(X + 8), v(8) G C[d] N , 

and on V* by the contragradient action, given by 

A(d, x) x v(8) = - l A(-X, -d)v(X + 8), v{8) e C[d) N . 

It is easy to check that (V*)* ~ V as (7CAr-modules. Observe that by Proposition 
6.8(b), V ~ V* as ocTv-modules and spcAr-modules. 

We define the 2nd exterior power A 2 (V) and the 2nd symmetric power S 2 (V) in 
the usual way with the induced C[<9]-module and gcAr-module structures. 

Proposition 6.14. (a) V ®V = S 2 (V)@K 2 (V) is the decomposition ofV®V into 
a direct sum of irreducible gc^-modules. And V* © V is isomorphic to the adjoint 
representation of gcN ■ 

(b) gcN — V ©F = S 2 (V) © A 2 (V) is the decomposition of gcN into a direct sum of 
irreducible ocN-modules, where A 2 (V) is isomorphic to the adjoint representation 
of ocn , and — S 2 (V) as ocn -modules. 

(c) gcN — V ®V = S 2 (V) © A 2 (V) is the decomposition of gcN into a direct sum of 
irreducible spcN -modules, where S 2 (V) is isomorphic to the adjoint representation 
of spcN, and — A 2 (V) as spc^-modules. 

Proof, (a) Follows from Proposition 6.2 and part (b). 
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(b) Define <p : V <E> V — > gc^ by 

ip(p(d)ei <S> q(d)ej) = p{-x)q{x + d)Eji 

It is easy to check that this is an oc/v-module isomorphism. Note that cr* defined 
in (6.4) corresponds via cp to a(p(d)ei ® q(d)ej) = q(d)ej ® p(d)ei. Therefore 
it is immediate that M/v — S 2 (V) and A 2 (I/) ~ oc^. It remains to see that 
Mjv is an irreducible oc^-module. Let W 7^ be a ocat -sub module of Mjv and 
7^ w(d,x) = j Qij(9,x)Eij G W. We may suppose that qu 7^ 0. Computing 
[y|; \w(d, x)] and looking at the highest degree of A that appears in the component 
En, we deduce that there exists in W an element of the form w' = x)Eu + 

qi(d,x)En), with pi = qi = 1. Now, computing [y|; \w'(d, x)] we have that 
u/' = r(<9, x).Eii + if£ i2 + terms out of the first column and row G W. And from 
[yjbn \ w " [pi x )] an d looking at the highest degree in A, we have that if r(d, x) is 
non constant, w% G W, and if r(d, x) is constant, w% + w^ i2 G W. In both 
cases, by (6.6) we have that G W. Now, looking at (n >> and A arbitrary) 

y \ xW \ = A n 2«/^ + \ n - x 2n(dw\ + w\) + A n " 2 2 Q (d 2 ^ + 2^ + w\) + • • • 

we get W — Mjv, finishing part (b). 

(c) The proof is similar to (b), with <p : V <S> V — > gc^ defined by <p(p(d)ei <S> 
q{d)e j ) = p(-x)q(x+d)Ej p where E% = f +i , E^ + .^ + . = E„ +j ., E^. = 

—En , • at 1 ■ and £7^ , . . = — for all 1 < i, j < ^. □ 

"2" TJ) "2" "T* Tf+M J ' _ 2 

Observe that gcN,p '■= ycArP(x) is a conformal subalgebra of gc^, for any P(x) G 
MatjvCfx]. 

A matrix Q(x) G MatArC[x] will be called hermitian (resp. skew-hermitian) if 

x) = with e = 1 ( resp. £ = —1). 

Denote by op^Y, £ ,a the subalgebra of gcjv,p of — op^^-fixed points. By Proposi- 
tion 4.21 (b)-(c), we have the following isomorphisms, obtained by conjugating by 
automorphisms of CendAr 

Op,Y,e,a - PY ,I,e, a - OQ,J,e,0, (6.15) 

where Q(x) = (PY)(x+a/2) is hermitian or skew-hermitian, depending on whether 
e = 1 or — 1. Therefore, up to conjugacy, we may restrict our attention to the family 
of subalgebras (6.15), that is it suffices to consider the anti-involutions 



<rp,i,e,o(a(d, x)P(x)) = ea t (d, -d - x)P(x) 
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where P is non-degenerate hermitian or skew-hermitian, depending on whether 
e = 1 or — 1. From now on we shall use the following notation 

ocm p :—opr in if P is hermitian 

' 5 5 5 / £i -t /i\ 

spcN,p :=0p,/,-i,o ^ -P is skew-hermitian. 

These subalgebras are those obtained in Theorem 6.8(b) in a more invariant form. 
In the special case N = 1 and P(x) = x, the involution <t K) / 5 _i 5 o is the conformal 
version of the involution given by Bloch in [B]. 

Note that gCjv,p — ocn ■ P(x) © Mjv • P(x). If P is hermitian, then ocn,p = 
ocn-P(x) and Mjv-P(x) is an ocArp-module. If P is skew-hermitian, then spc^^p = 
Mn ■ P(x), and ocat • P(x) is a spc^p-module. 

Remark 6.17. (a) The subalgebras gc^, gcN tX i, ocn and spc^^i contain the con- 
formal Virasoro subalgebra C[<9](a; + ad) I, for a arbitrary, a = 0, a = \ and a = 
respectively. 

(b) Let J = ^ _° 7 Q , then by (6.15) we obtain 

SpC N = 07,7,-1,0 ~ Oj,/,_i,o = SpC N: j. 

(c) Using the proof of Proposition 6.5, one can prove that ocn,p and spc/v,p, with 
det P(x) 7^ 0, are simple if P(x) satisfies the property that for each i there exists j 
such that deg Pij(x) > deg Pik{x) for all k ^ j. 

Proposition 6.18. The subalgebras oc^^p and spc^^p, with det P(x) ^ 0, acts 
irreducibly on C[d] N . 

Proof. Let M be a non-zero ocAr,p-submodule of C^]^ and take ^ v(d) G M. 
Since detP(x) 7^ 0, there exists i such that P(y)v(y) has non-zero ith-coordinate 
that we shall denote by b(y). Recall that {(x k A-(-d-x) k A t )P(x) \ A G MatjvC} 
generates ocn,p- Now, looking at the highest degree in A in 

(2x + d)E u P(x) x v(d) = (A + 2d)b(d + A)e, 

we deduce that G M. Now, since the ith-column of P = (P r ,j) is non-zero, we 
can take k such that Pk,i(x) 7^ has maximal degree in x, in the zth-column. Then, 
considering the A action of (xEjk — (— <9 — x)Ekj)P(x) on e^, for j = 1, ■ • • , N, 
and looking at the highest degree in A, we have that ej G M for all j = 1, • • • , N. 
Therefore M = C[d] N . A similar argument also works for spcAr,p. □ 

Proposition 6.19. (a) The subalgebras oc^^p and oc^^q (resp. spcj^^p and 
s P c n,q) are conjugated by an automorphism of Cend^ if and only if P and Q 
are congruent hermitian (resp. skew-hermitian) matrices. 
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(b) The subalgebras oc^^p and spc^^Q are not conjugated by any automorphism of 
Cendw ■ 

Proof. By Theorem 4.2, any automorphism of CendAr has the form (p^(a(d : x)) = 
A(d + x)a(d, x + a)A(x)~ 1 , with A(x) an invertible matrix in MatjyC[x]. Suppose 
that the restriction of cpA to ocn,p gives us an isomorphism between ocn,p and 
ocn^q. Then (fA(a(d, x)P(x)) = A(d + x)a(d, x + a)D(x)Q(x) for all a(d, x) G oc/v, 
where D is an invertible matrix in MatjvC[x] and P(x + a) = D{x)Q(x)A(x). But 
the image is in oc n ,q if and only if (applying o-q,/,i,o) 

a(<9, x — a)R(x) = R t (—d — x)a(d, x + a) for all a(d, x) G ocn, 

where R(x) = A t (—x)D(x)~ 1 . Therefore, we must have a = and R = eld 
(c G C), that is D(x) = cA t (—x). Hence P(x) = cA t (—x)Q(x)A(x), proving (a). 
Part (b) follows by similar arguments. □ 

A classification of finite irreducible subalgebras of gc^ was given in [DK]. In view 
of the discussion of this section, it is natural to propose the following conjecture. 

Conjecture 6.20. Any infinite Lie conformal subalgebra of gcN acting irreducibly 
on <C[d] N is conjugate by an automorphism of Cend^ to one of the following sub- 
algebras: 

(a) gcN,p, where det P ^ ; 

(b) ocn,p, where det P ^ and P(—x) = P t (x), 

(c) spcN^p, where det P ^ and P(—x) = —P t (x). 
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